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Steady rises of a single air bubble, a methanol drop, and an ethanol drop in a verti-
cal glass column of refined sunflower oil at temperatures of 25, 30, 40, and 50�C are
investigated experimentally using photography. The Reynolds numbers obtained are
0.07–16, 0.02–13.43, and 0.017–11.18 for the air bubbles, methanol drops, and etha-
nol drops, respectively. Results for terminal velocity and drag coefficient are compared
with the selected existing correlations for bubble and drop motions in immiscible
liquids. Correlations by Rodrigue show good agreement for various bubble sizes and
system temperatures. Experimental drag coefficients of methanol and ethanol drops
show a systematic deviation from the Oliver and Chung and the Darton and Harrison
correlations, respectively. Considering the effect of dissolution of alcohol in vegetable
oil, which varies with temperature, on the drop dynamics, semiempirical correction
factors are applied to the last two correlations to fit the experimental results. VVC 2010
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Introduction

In an earlier article,1 the concept of using gas bubble/
liquid alcohol compound drops to mix vegetable oil and
alcohol in a biodiesel reactor was described as a replacement
for a mechanical agitator, and the dynamics of such com-
pound drops in sunflower oil at room temperature were also
presented. A gas/alcohol compound drop is a combination of
a gas bubble (i.e., air or N2) and an alcohol liquid drop (i.e.,
methanol or ethanol). Its dynamics is influenced by the bub-
ble size and the alcohol loading, coupled with the gas/
alcohol-, gas/vegetable oil-, and alcohol/vegetable oil interfa-

cial phenomena. With reference to the gas bubble, the
engulfing alcohol film can cause its surface to be partly or
fully immobile, resulting in the decrease of its terminal ve-
locity. The rise velocity of the alcohol drop is significantly
increased by the buoyancy of the gas bubble. As a conse-
quence, information about the dynamics of single gas bub-
bles and single alcohol drops in vegetable oil is important to
improve the understanding about the dynamics of single
compound drops. The present experimental investigation
aims to observe shapes, rises velocities and drag coefficients
of single air bubbles, methanol drops, and ethanol drops ris-
ing in sunflower oil at various temperatures. In addition, the
results obtained from this study can also provide basic infor-
mation for other processes in which bubble and vegetable oil
are involved, such as refining of vegetable oils using gas
bubbles (e.g., Tsiadi et al.2).

Correspondence concerning this article should be addressed to W. Duangsuwan
at w.duangsuwan@surrey.ac.uk.
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Rise of Gas Bubble in Vegetable Oil

Vegetable oil is a Newtonian fluid, which shows a linear
relationship between shear stress and shear rate. Boyaci
et al.3 confirmed that vegetable oils (e.g., from cottonseed,
olive, hazelnut, corn, sunflower, canola, and soybean) behave
as Newtonian fluids at 5–50�C. However, a non-Newtonian
behavior (e.g., its viscosity increases with time) due to ther-
mal degradation at high temperature was observed.4 Experi-
mental study on the motion of gas bubble in vegetable oil
has received little attention. Arnold5 reported the measured
terminal velocities of small air bubbles in olive oil at 22�C.
Peebles and Garber6 measured the terminal velocities of
single air bubbles in cotton seed oil (at a temperature not
stated). Kojima et al.7 reported the terminal velocities of
single air bubbles in castor oil at 31.8�C and Tsiadi et al.2

studied sizes and shapes of multi-N2 bubbles in sunflower
oil at 18–70�C at and 101 kPa using sintered disc.

A large amount of literature about the rises of gas bubbles
in liquids has been published and reviewed for over a cen-
tury. This has concerned terminal velocity correlations. How-
ever, a general correlation for terminal velocity of single gas
bubbles in vegetable oil of varying temperatures has not
been acknowledged. This literature has been reviewed.8–15

From these reviews, a few correlations are suitable for gas
bubbles in vegetable oils.

In creeping flow, the Stokes equation16 for a solid sphere
can be used to predict the terminal velocity (UT) of a fully
immobile-surface bubble:

UT ¼ 1

18

ðqo � qiÞgd2e
lo

(1)

The Hadamard–Rybczynski equation17,18 for the unconta-
minated fluid spheres can also be used to predict the termi-
nal velocity (UT) of a clean-surface bubble:

UT ¼ 1

6

ðqo � qiÞgd2e
lo

ðjþ 1Þ
ð3jþ 2Þ (2)

where qo is the density of the continuous liquid [kg/m3], qi is
the density inside the bubble or drop [kg/m3], g is the
gravitational acceleration [kg�m/s2], de is the equivalent
diameter of the bubble or drop [m], lo is the viscosity of the
continuous liquid [Pa s], and j ¼ li/lo [-] is the viscosity ratio
between inside and outside the bubble or drop. The drag
coefficient (Cd) in creeping flow for uncontaminated fluid
spheres, which corresponds to Eq. 2 is:

Cd ¼ 8

Re

3jþ 2

jþ 1

� �
(3)

where Reynolds number (Re) is qoUTde/lo. Eq. 3 yields the
Stokes drag coefficient for a solid sphere when j ¼ li/lo ¼
1:

Cd ¼ 24

Re
(4)

and the Stokes drag coefficient for a clean bubble when j ¼ li/
lo ¼ 0:

Cd ¼ 16

Re
(5)

For wide ranges of Re and equivalent-sphere bubble diam-
eters (de), Jamialahmadi et al.19 predicted UT of a single gas
bubble:

UT ¼ UT1UT2

ðU2
T1 þ U2

T2Þ1=2
(6)

where UT1 is from Eq. 1 for an immobile-surface bubble and
Eq. 2 for a fully mobile-surface bubble. UT2 is the rise velocity
correlation obtained from a wave analogy20:

UT2 ¼ 2r
deðqo � qiÞ

þ gde
2

� �1=2
(7)

where r is the surface tension of the continuous liquid [N/m].
Rodrigue12 recommended a correlation for UT of various

bubble sizes by assuming that the liquid is clean (i.e., has no
impurities to generate Marangoni stresses) and the gas phase
in a gas-liquid system has negligible density and viscosity
compared with the liquid phase:

UT ¼ rlo
q2od

2
e

� �1=3 F

12ð1þ 0:0185FÞ3=4
(8)

where F ¼ g q5od
8
e=rl

4
o

� �1=3
is the flow number. The drag

coefficient corresponding to Eq. 8 was also proposed as being:

Cd ¼ 16

Re

1
2
þ 32hþ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 128h

p� �1=3
þ 1

2
þ 32h� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 128h

p� �1=3
þ 0:036 128

3

� �1=9
Re8=9M1=9

� 	

2
664

3
775
9=4

(9)

where M ¼ gl4o/qor
3 is the Morton number and y ¼

(0.0185)3(2/3)1/3Re8/3M1/3.

Rise of Alcohol Drop in Vegetable Oil

Dynamics of liquid drop in immiscible liquid-liquid sys-
tems is different from that in miscible systems. In immisci-
ble systems the drop sizes during rising (and the system
properties) are constant. On the other hand, miscibility
affects the surface area, the drag coefficient, and the rise ve-
locity of the drop directly, and alters the thermophysical
properties of the surrounding fluid that in turn affects the
transfer coefficients of the system.15 Taylor et al.21 measured
the miscibility of alcohol and vegetable oils and showed that
alcohol and vegetable oil are partially miscible. There is
more alcohol entering the oil phase than there is oil entering
the alcohol phase. This conclusion was confirmed by other
observers.22–27

Temperature also affects the alcohol-vegetable oil misci-
bility. Tan et al.28 indicated that subcritical methanol and oil
are immiscible at room temperature, but form a homogenous
supercritical solution (239�C and 8.1 MPa). Cerce et al.29

and Zhou et al.30 reported that the miscibility of methanol
and triglyceride is improved at high temperature. Recently,
Liu et al.31 reported the partial miscibility between Jatropha

898 DOI 10.1002/aic Published on behalf of the AIChE April 2011 Vol. 57, No. 4 AIChE Journal



oil and methanol, where the mutual solubility increased with
temperature and also with the amount of free fatty acids
(FFA). When the FFA mass fraction reached 50% in crude
Jatropha oil at 60�C, the mixture became completely
miscible.

Temperature-dependent partial miscibility of alcohol/vege-
table oils leads to an assumption that methanol and ethanol
drops will rise in vegetable oil with rates of mass transfer
that increase with temperature increases. However, the corre-
lations of the rise velocity and the drag coefficient of liquid
drop in immiscible liquid can be used to compare with the
experimental results of the drops with mass transfer.

For immiscible liquid drops in Stokes regime (Re \ 1),
Eqs. 1 and 4 are suitable for an immobile-surface drop,
whereas Eqs. 2 and 3 can be used for a clean drop. At
Re [ 1, some correlations for drag coefficient have been
proposed, for example, in Rivkind and Ryskin32 for 1 \ Re
\ 200, Clift et al.8 for 4\ Re\ 100, and Michaelides15 for
1 \ Re \ 20. However, there are four drag coefficient
correlations found to be valid for fluid spheres having a
wide range of Reynolds numbers, including in creeping flow.
The first correlation is from Darton and Harrison,33 which
can be applied for the drops of all Re:

Cd ¼ 8ð3jþ 2Þ
Reðjþ 1Þ þ

8

3
(10)

Eq. 10 is suitable for bubbles and drops, which change
directly from spherical to spherical-cap.8 The second correla-
tion is from Oliver and Chung,34 which is suitable for the
drops having 0\ Re\ 2:

Cd ¼ 8

Re

3jþ 2

jþ 1

� �
þ 0:4

3jþ 2

jþ 1

� �2

(11)

The third correlation is from Polyanin and Dilman,35

which is valid for the drops having 0 � Re � 100:

Cd ¼ 1

ðjþ 1Þ
16

Re
þ 32

ðReþ 32Þ
� �

þ j
ðjþ 1Þ

24

Re
ð1þ 0:15Re0:687Þ

(12)

Finally, the fourth correlation is from Saboni and Alexan-
drova,36 which is suitable for the drops having 0.01 \ Re \
400:

Cd ¼
j 24

Re
þ 4

Re1=3

� 	
þ 14:9

Re0:78

h i
Re2 þ 40 3jþ2

Re

� �þ 15jþ 10

ð1þ jÞð5þRe2Þ (13)

In case of liquid drops with the presence of mass transfer,
the drag coefficient may be predicted from the equation:

Cd ¼ Cd;0

k
(14)

where Cd,0 is the drag coefficient correlation obtained in the
absence of mass transfer and k is a correction factor.
Eisenklam et al.37 suggested the following empirical correla-
tion of k for burning fuel drops:

k ¼ 1þ BH (15)

where BH ¼ cpDT/k is a transfer number for heat transfer, cp is
heat capacity at constant pressure [J/(kg K)], T is temperature
[K], k is latent heat of vaporization [J/kg]. Renksizbulut and
Yuen38 used Eq. 14 for calculating the drag coefficient of an
evaporating liquid drop in a high-temperature air flow with the
following k:

k ¼ ð1þ BHÞ0:2 (16)

Chuchottaworn and Asano39 also used Eq. 14 for calculat-
ing the drag coefficient of an evaporating or a condensing
droplet with Reynolds number, 5 � Re � 150, and Schmidt
number, 0.5 � Sc � 2.0. They used the following Cd,0

(Brauer and Sucker40) and proposed the following k:

Cd;0 ¼ 24

Re
þ 3:73

Re1=2
� 4:83� 10�3Re1=2

1þ 3� 10�6Re3=2
þ 0:49 (17)

k ¼ ð1þ BMÞ0:19Sc
�0:74�ð1þBMÞ�0:29

(18)

where BM ¼ (xs�x1)/(1�xs) is a transfer number for mass
transfer, xs is the mass fraction of evaporating component at
the outer surface of the drop, x1 is the mass fraction of
evaporating component in the free stream of the continuous
phase.

Experimental Setup

The experimental setup is shown schematically in Figure 1.
The 600 mm long circular cross-sectional glass column is di-
vided into three sections, from the top: the 100 mm long and
145 mm I.D. cylindrical top section, the 200 mm long and
35 mm I.D. cylindrical middle section and the 300 mm long
conical bottom section. The inside diameters of the top and
the bottom ends of the conical section were 16 and 35 mm,
respectively. The 65 � 65 mm square cross-sectional exter-
nal jacket was made of Plexiglas and filled with pure sun-
flower oil like in the glass column with the aim of eliminat-
ing optical distortion while capturing images of the bubbles
or drops with a camera. Sunflower oils in the internal glass
column and the external jacket were circulated in the sepa-
rated closed circuits through the tank of heating water with
the flow rates controlled by the variable-speed DC pumps.
The temperatures of sunflower oils flowing in the column
and the jacket were adjusted to be the same by setting the
digital thermostat of the heating tank coupled with control-
ling the oil flow rates through the variable-speed oil pumps.

PEEKsil capillary tubes from Alltech of I.D. 75 and 150
lm were used to produce the air bubbles of various sizes by
connecting them with an air-tight syringe. After circulating
sunflower oils in the glass column and the jacket reached the
desired setting temperature, the pump for sunflower oil in
the glass column was stopped (while the pump for sunflower
oil in the jacket was still running to maintain the temperature
of the oil inside the column), then the downward flow of the
oil in the column stopped. After that the syringe was pressed
by hand to let the air flow through the capillary tube, which
is vertically submerged in sunflower oil at the bottom end of
the column. By this procedure, a stream of bubbles was
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achieved and the coalescences of some bubbles in the stream
and at the capillary tip (during formation and detachment)
were observed. After pressing the syringe, the pump was
started again and multibubbles were held stationary in the
conical section of the column. Decreasing and increasing the
pump speed will, respectively, vent the big bubbles upwards
and suck the small bubbles downwards out of the conical
section. When the only one selected bubble was left, the
pump was stopped again, letting the bubble rise freely to
the top surface of sunflower oil. For each temperature, the
experiments were repeated many times to establish the tend-
ency in the rise velocity of the bubbles for a wide range of
bubble sizes.

An Al syringe needle was used instead of the capillary
tubes to produce the methanol and the ethanol drops. The
I.D. of the needle tip was randomly narrowed by the pliers.
The random size multidrops were injected, and only the sin-
gle drops were selected using the same method described
above. It should be noted that the temperatures inside the
drops were not measured and may not be the same as the
temperature of the sunflower oil continuous phase. However,
to minimize the temperature difference between the alcohol
drop and the oil, the needle body filled with alcohol was
kept in the flow stream of sunflower oil at the desired tem-
peratures for at least 5 min before the syringe’s plunger was
pressed. In calculation, the temperature inside the alcohol
drop was assumed to be the same as the temperature of the
oil in the column. PixeLINK PL-A741 monochrome machine

vision camera (1 ms shutter speed and 27 frame/s) was used
to capture images of bubbles and drops in the middle section
of the glass column. Program ImageJ was used for image’s
pixel analysis. Calibration was via an 8 mm O.D. Al rod.

The properties at various temperatures of sunflower oil
(see method of determination in Duangsuwan et al.1), metha-
nol, ethanol, and air (Watson41; Dean42,43; Lide44) are shown
in Table 1. In the case of alcohol drops rising in sunflower
oil, the alcohol dissolution will alter the oil properties, which
may have an effect on the rise velocity and the drag coeffi-
cient of the drop. Therefore, to reduce this effect, fresh sun-
flower oil was replaced after each 2 ml of alcohol was intro-
duced into the oil during the experiments. Calculations
assumed that the sunflower oil properties at the desired tem-
peratures were not changed.

The nominal shapes of the bubbles and the drops in this
work can be roughly classified into three groups (see,
Figure 2): (i) sphere with radius a, (ii) oblate spheroid with
semimajor axis a and semiminor axis b, and (iii) two-oblate
semispheroids with a semimajor axis a and semiminor axes
b1 and b2. Their equivalent diameters (de) were estimated
using equations:

de ¼ 2a ðsphereÞ (19)

de ¼ ½ð2bÞð2aÞ2�1=3 ðoblatespheroidÞ (20)

de ¼ 2a½ðb1 þ b2Þ=ð2aÞ�1=3 ðtwo-oblate semispheroidsÞ
(21)

UT values were calculated using equation:

UT ¼ L=t (22)

where L ¼ ((x2 � x1)
2 þ (y2 � y1)

2)1/2 is the distance the
bubble or the drop rises during the time interval t between two
frames (t ¼ 1/27 s). The coordinates (x1,y1) and (x2,y2) , which
are obtained during image’s pixel analysis, represent the center
of mass of the bubble or drop shape in the first and the second
frames, respectively.

The balance between the upward buoyancy force of the
bubble or drop and the downward drag force and gravita-
tional force yields the equation for calculating the experi-
mental drag coefficients (Cd):

Cd ¼ 2gVðqo � qiÞ
qoApU2

T

(23)

whereV andAp, respectively, are thevolume [m3] and thevolume
equivalent sphere projected area [m2] of the bubble or drop.

Results and Discussion

Bubble shape

Because of the limitations of the inside diameter of the
middle section glass column (I.D. ¼ 35 mm), which may
cause wall effects to the large bubbles and drops, the maxi-
mum equivalent diameters (de) of the air bubbles and alcohol
drops were limited to be �4.0–6.5 mm. Comparisons
between the experimental results and existing correlations
(including the correlations with the correction factors) for
UT and Cd of single bubbles and drops rising in liquids of

Figure 1. Schematic diagram of experimental setup.

(1) glass column with varying cross-sections filled with sun-
flower oil; (2) square cross-sectional Plexiglas jacket filled
with sunflower oil; (3) and (4) variable speed DC sunflower
oil pumps; (5) DC power supply; (6) heating tank filled
with water; (7) heating coil-tube of sunflower oil; (8) digital
thermostat and temperature sensor; (9) and (10) digital ther-
mometers and temperature sensors; (11) lamp and diffuser;
(12) camera; (13) personal computer; (14) rubber stopper;
(15) syringe for air or alcohol injections; (16) capillary tube
for air injection or syringe needle for alcohol injection.
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infinite extent (i.e., Figures 9, 11, 14–16) confirm that wall
effects could be neglected under present conditions.

Air bubbles rising at their terminal velocities in sunflower
oil at varying temperatures (see Figure 3) are spherical at
de \ 2 mm, but they begin to be oblate ellipsoidal when
de ¼ 3 mm and more ellipsoidal as their volumes and the oil
temperatures increase. At 50�C, the bubble shapes begin to
distort from ellipsoidal at de � 6.5 mm.

Methanol and ethanol drops shapes

Methanol drops (Figure 4) change from spherical at small
diameter to two-oblate semispheroidal at large equivalent di-
ameter, whereas ethanol drops tend to change directly from
spherical to dimpled oblate ellipsoidal or oblate ellipsoidal-
cap. The ellipsoidal-cap shape of an ethanol drop is obvi-
ously observed at 40�C (de ¼ 5 mm) and 50�C (de ¼ 4 and
5 mm), whereas at these temperatures and drop sizes, metha-
nol drop remains an ellipsoidal shape.

Figure 5 compares the aspect ratios (E ¼ (b1 þ b2)/2a;
see, a, b1, b2 in Figure 2) of the bubbles and the alcohol
drops. For the air bubbles (Figure 5b), the aspect ratio begins

to decrease from 1 at de � 1.5 mm at 25�C (1.7 mm at
50�C). At E ¼ 0.9, the bubbles at 25, 30, 40, and 50�C have
the values of de about 3.4, 3.2, 2.8, and 2.5 mm, respec-
tively, which can be assumed to be spherical. In Figure 5c,
the curves clearly show that at the same drop sizes, the etha-
nol drops change from spherical to ellipsoidal faster than the
methanol drops. The methanol drops at 25, 30, 40, and 50�C
have E ¼ 1 at the values of de � 3.0, 2.6, 2.0, and 1.7 mm,
respectively, whereas the ethanol drops at these temperatures
show E ¼ 1 at the values of de � 1.7, 1.5, 1.0, and 0.7 mm,
respectively.

Bubble terminal velocity

Figure 6 compares the terminal velocities of single air
bubbles, methanol drops, and ethanol drops rising in sun-
flower oil at various temperatures. The graph shows that UT

Table 1. Properties of the System Used

Fluid
Temp.
(�C)

Density
(kg m�3)

Dynamic
viscosity (mPa s)

Surface tension
(mN m�1)

Interfacial tension
in contact with

sunflower oil (mN m�1)

Refined sunflower oil 20 924.7 75.465 32.7 0
25 921.8 56.863 32.3 0
30 919.0 43.957 31.8 0
40 913.3 31.264 31.0 0
50 907.7 22.648 30.2 0

Methanol 20 792 0.593 22.454 *4.20
25 787.5 0.551 22.068 *4.15
30 783 0.514 21.681 *4.07
40 774 0.449 20.908 *3.98
50 765 0.395 20.135 *3.88

Ethanol 20 789.45 1.180 22.386 *2.33
25 785.22 1.074 21.97 *2.32
30 780.97 0.981 21.554 *2.29
40 772.50 0.823 20.722 *2.27
50 764.04 0.694 19.89 *2.24

Air 20 1.204 0.01820 – 32.7
25 1.184 0.01845 – 32.3
30 1.165 0.01869 – 31.8
40 1.127 0.01918 – 31.0
50 1.093 0.01966 – 30.2

*Estimation was made from equation rAB ¼ rA þ rB – 2K(rArB)
1/2 (Girifalco and Good45), where rA is the surface tension of sunflower oil, rB is the surface

tension of methanol or ethanol; K ¼ Km x u, where Km ¼ 4(VA)
1/3(VB)

1/3/[(VA)
1/3 þ (VB)

1/3]2, VA ¼ molar volume of sunflower oil, VB ¼ molar volume of
methanol or ethanol, u ¼ 1.05 (obtained by using the soybean oil/methanol interfacial tension from Wu et al.46).

Figure 2. Classification of shapes of bubbles and
drops in this work: (a) sphere; (b) oblate
spheroid; and (c) two-oblate semispheroids.

Figure 3. Shapes of bubbles of several equivalent diam-
eters in sunflower oil at varying temperatures.

AIChE Journal April 2011 Vol. 57, No. 4 Published on behalf of the AIChE DOI 10.1002/aic 901



increases as temperature increases. At 25 and 50�C, the
velocities of the bubbles are approximately three and five
times that of the alcohol drops.

Figure 7 compares the experimental terminal velocities of
the air bubbles with the values predicted by Stokes equation
(Eq. 1) and Hadamard–Rybczynski equation (Eq. 2).
Figure 7a shows that both equations are not valid for larger
bubbles. Figure 7b shows good agreement between experi-
mental results and the Hadamard–Rybczynski equation for
the bubbles having diameters smaller than 1.8, 1.5, and
1.2 mm at 25, 30, and 40�C, respectively. At 50�C, although
the bubbles of diameter smaller than 1.0 mm are not obtained
and shown here, the present results at this temperature show
the trend to agree with the Hadamard–Rybczynski equation at
bubble diameters smaller than 1.0 mm. For all temperatures,
with decreasing diameter below 1.0 mm, the bubble tends to
follow Stokes equation rather than Hadamard–Rybczynski
equation (see, e.g., at 25�C with de ¼ 0.7 mm and at 40�C
with de ¼ 0.67 mm). This may be due to the very small
amount of surface-active impurities in the oil begins to take
effect on the bubble motion (Clift et al.8).

Figure 8 shows the comparison between experimental UT

and the values predicted by Eq. 6. The dashed lines, which

Figure 4. Shapes of methanol and ethanol drops of
several equivalent diameters in sunflower oil
at varying temperatures.

Figure 5. Aspect ratios as functions of equivalent diameters of single air bubbles, methanol drops and ethanol
drops rising at terminal velocity in sunflower oil at varying temperatures.

(a) Experimental results. (b) Trend lines for air bubbles. (c) Trend lines for alcohol drops.
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represent the predictions for the fully immobile-surface bub-
bles, are obtained by substituting UT1 in Eq. 6 by Eq. 1.
Likewise, the solid lines, which represent the prediction for
the clean bubbles, are obtained by replacing UT1 in Eq.
6with Eq. 2. The solid lines show good prediction for the
bubble diameters smaller than 2.2, 1.7, 1.4, and 1.1 mm for
the temperatures 25, 30, 40, and 50�C, respectively. Larger
than these bubble sizes, the solid lines over-predict for all
temperatures except at 50�C that the under-prediction is
found at bubble sizes larger than 3.7 mm. The dashed lines
show much under-prediction at all temperatures for the bub-
ble diameter up to 5 mm, and are not considered here
because of the surfaces of the bubbles not being totally
immobile.

Figure 9 compares the experimental results with the values
predicted by Rodrigue equation (Eq. 8). Good agreement is
obtained at all temperatures for the bubble sizes up to 5 mm.
Equation 8 seems to be used as a general correlation for all
bubble sizes rising in sunflower oil at all temperatures. The
deviation between the predicting values and the experimental
values for the bubble diameters higher than 5 mm may be
caused by the inaccuracy of measurement of bubble size
using image analysis, which is prone to error when analyzing
the images of the distorted bubbles.

Methanol and ethanol drops terminal velocities

In cases of methanol and ethanol drops, partial miscibility
with sunflower oil may cause the decrease of drop sizes dur-
ing their rises. Consequently, their rise velocities change all
the time. However, if any rise velocity is assumed to be a
terminal velocity of the drop at any instantaneous time, Eqs.
1 and 2, which are the lower and upper limits of the terminal
velocity of the single drops in immiscible liquids in Stokes
flow, may be used for comparison. Figure 10 shows the ter-
minal velocities of methanol and ethanol drops obtained
from experiments, Eqs. 1 and 2. It is obviously seen that
methanol and ethanol drops follow Eq. 2 rather than Eq. 1
for all temperatures.

Figure 6. Experimental results showing terminal veloc-
ities of single air bubbles, methanol drops
and ethanol drops rising in sunflower oil at
various temperatures.

Figure 7. Terminal velocity as a function of equivalent di-
ameter of single air bubbles rising in sunflower
oil at varying temperatures, compared to ex-
perimental results, Stokes equation (Eq. 1) and
Hadamard–Rybczynski equation (Eq. 2).

Figure 8. Terminal velocity as a function of equivalent
diameter of single air bubbles rising in sun-
flower oil at varying temperatures, compared
to experimental results and Jamialahmadi
et al. equation (Eq. 6).
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Equation 2 is acceptable for methanol drops having de
smaller than 4.0 mm (25�C) and 3.5 mm (30�C) and for
ethanol drops having de smaller than 3.2 (25�C) and 2.8 mm
(30�C). These imply that partial miscibility does not have a
large effect on the motions of methanol and ethanol drops at
low temperatures. With diameter bigger than the above sizes,
the correlations for the Stokes flow are not applicable.

Although Eq. 2 presents the upper limit for terminal ve-
locity of a liquid drop in Stokes regime, it is under-estima-
tion for the prediction of the rise velocity of methanol and
ethanol drops at 40 and 50�C. This is possibly because the
influence of the higher mass transfer rate (compared with the
systems at 25 and 30�C) from the alcohol drops to the sun-
flower oil continuous phase. The deviation of the experimen-
tal rise velocities from the values predicted by Eq. 2 at 50�C
is larger than that at 40�C and the deviation for ethanol drop
is larger than that for methanol drop for both temperatures.
This seems to support that the solubility (or miscibility) in
sunflower oil for ethanol is higher than that for methanol.

Bubble drag coefficient

Figure 11 shows the comparison of the drag coefficients
(Cd) of single air bubbles rising in sunflower oil at varying
temperatures, obtained from experiments, Stokes equation
(Eq. 4), Hadamard–Rybczynski equation (Eq. 5), and
Rodrigue equation (Eq. 9). In logarithmic scale, Eqs. 5 and 9
overlap to each other at Re \ 1. The experimental Cd fol-
lows Eq. 5 (and also Eq. 9) at 0.5 \ Re \ 1.0, whereas at
Re � 0.5, it falls between Eqs. 4 and 5. At Re[ 1.0, where
the bubble size increases and the bubble shape is ellipsoidal,
the experimental results follow Eq. 9. Therefore, Eq. 9
shows good agreement with experimental results for all
Reynolds numbers and temperatures.

Figure 9. Terminal velocity as a function of equivalent di-
ameter of single air bubbles rising in sunflower
oil at varying temperatures, compared to exper-
imental results and Rodrigue equation (Eq. 8).

Figure 10. Terminal velocity as a function of equivalent
diameter of alcohol drops rising in sunflower
oil at varying temperatures, compared to ex-
perimental results, Stokes equation (Eq. 1)
and Hadamard–Rybczynski equation (Eq. 2).

(a) Methanol drops. (b) Ethanol drops.

Figure 11. Drag coefficient as a function of Reynolds
number of single air bubbles rising in sun-
flower oil at varying temperatures, com-
pared to experimental results, Rodrigue
equation (Eq. 9), Stokes equation (Eq. 4, Cd

5 24/Re) and Hadamard–Rybczynski equa-
tion (Eq. 5, Cd 5 16/Re).
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Methanol and ethanol drops drag coefficients

The plots of Cd as functions of Re of single methanol and
ethanol drops rising in sunflower oil at separating tempera-
tures, comparison between experimental results and the cor-
relations for immiscible liquid-liquid systems (i.e., Eqs. 3–5
and Eqs. 10–13), are shown in Figures 12 and 13, respec-
tively. The curves of the predicted Cd obtained from Eqs. 3,
5, 10–13 overlap to each other at Re \ 1. For all values of
Re, the most fitting correlation for methanol drops at 25 and
30�C is the equation of Oliver and Chung (Eq. 11) as shown
in Figures 12a, b, whereas for ethanol drops at these temper-
atures the most fitting correlation is the equation of Darton
and Harrison (Eq. 10) as shown in Figures 13a, b. The
shapes of ethanol drops in Figure 4 together with the graphs
in Figure 13 confirm that Eq. 10 is suitable for the drops
that their shapes change directly from spherical to spherical-
cap.

At 40 and 50�C and Re \ 3, Figures 12c, d and Figures
13c, d clearly show that all correlations (for immiscible
liquids) shown in the graphs over-predict the experimental
Cd. These imply that mass transfer occurs at the drop sur-
face. Cd of methanol drop deviates from Eq. 11, whereas Cd

of ethanol drop deviates from Eq. 10.
From above results, Eq. 14 is used for making a correction

of Cd. In this case, Eqs. 10 and 11 can be used for Cd,0 of
methanol and ethanol drops, respectively. Unfortunately, the

correlations for k for liquid drops moving with mass transfer

in gas (Eqs. 15, 16, and 18) cannot be used for the drop

moving with mass transfer in liquid, that is, this work.

Therefore, using experimental data in hand, the authors can

correlate a general semiempirical correlation for k, which

can be used for methanol and/or ethanol drops in sunflower

oil at varying temperatures. The empirical correlation or the

correlation obtained from numerical analysis for k is not

shown here. We leave that to those who have much more

theoretical skill.
Based on the forms of k (for liquid-gas systems) shown in

Eqs. 15, 16, and 18, four forms of k for the present liquid-
liquid systems are proposed here:

k ¼ að1þ BMÞbScd (24)

k ¼ að1þ BMÞb (25)

k ¼ aScd (26)

k ¼ ð1þ BMÞað1þBMÞb�Scd (27)

where BM ¼ (Xs � X1)/(1 � Xs) is a transfer number for mass
transfer, Xs is the mass fraction of dissolving alcohol in
sunflower oil at the outer surface of the alcohol drop, X1 is the
mass fraction of dissolving alcohol in sunflower oil far away

Figure 12. Experimental drag coefficients as functions of Reynolds numbers of methanol drops rising in sunflower
oil at varying temperatures compared with the correlations for immiscible liquids.
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from the alcohol drop, Sc ¼ lo/(qo�DAO) is the Schmidt
number, lo is the dynamic viscosity of sunflower oil [Pa s], qo
is the density of sunflower oil [kg/m3], and DAO is the
diffusion coefficient of alcohol in sunflower oil [m2/s].

The experimental values of k are used for determining the
values of a, b, and d in Eqs. 24–27. The experimental values
of k for methanol and ethanol drops at each temperature are
the mean values of k obtained by substituting the experimen-
tal drag coefficients as Cd and the predicted drag coefficients
(Eq. 11 for methanol drops and Eq. 10 for ethanol drops) as
Cd,0 into Eq. 14. DAO are estimated from Wilke-Chang equa-
tion.47 Xs is assumed to be a mass fraction of alcohol at satu-
ration condition of the alcohol-sunflower oil binary system.
Values of Xs at 30 and 40�C for methanol-sunflower oil and
ethanol-sunflower oil binary systems are borrowed from

Mohsen-Nia and Khodayari.48 Xs at 25 and 50�C are esti-
mated using the exponential equation obtained from Xs at 30
and 40�C. X1 is neglected because of the sunflower oil con-
tinuous phase far away from the drop surface is assumed
uncontaminated by alcohol. Values of k, Xs, DAO, Sc, and
BM are summarized in Table 2.

Based on Table 2, the correlation constants in Eqs. 24–27
are calculated using multiple regression technique. The cal-
culations are performed separately using the data of each
and both type of alcohol drops. The results for a, b, d, and
the coefficients of determination (R2), which represents a
goodness of fit, are shown in Table 3. Noting that these val-
ues can be changed if one can do measurements, the exact
values of Xs and DAO, which may be different from the esti-
mated values shown in Table 2.

Figure 13. Experimental drag coefficients as functions of Reynolds numbers of ethanol drops rising in sunflower
oil at varying temperatures compared with the correlations for immiscible liquids.

Table 2. Values of k, Xs, DAO, Sc, and BM

Liq.-liq. system Temperature (�C) k Xs DAO (m2/s) Sc BM

Methanol-sunflower oil 25 1.129 0.05269 6.82561 � 10�11 903757.0 0.055619
30 1.136 0.05785 8.97772 � 10�11 532778.5 0.061402
40 1.325 0.06974 1.30390 � 10�10 262534.8 0.074968
50 1.449 0.08407 1.85742 � 10�10 134331.2 0.091791

Ethanol-sunflower oil 25 1.066 0.10454 5.43739 � 10�11 1134495.0 0.116741
30 1.107 0.11990 7.15179 � 10�11 668802.1 0.136234
40 1.386 0.15773 1.03871 � 10�10 329562.5 0.187268
50 1.536 0.20750 1.47965 � 10�10 168627.3 0.261823
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Neglecting Eq. 27, Table 3 shows that Eqs. 24–26 give
values of R2 between 0.941–0.965 (not different in a good-
ness of fit) for different types of alcohols. However, Eq. 24
can also provides a single correlation of k (with R2 ¼
0.942), which can be used for both types of alcohols. For
this case, k can be written as:

k ¼ 8:5737ð1þ BMÞ0:5467Sc�0:1536 ðBoth alcohol dropsÞ
(28)

Alternatively, k can be estimated by using only one vari-
able (i.e., BM for Eq. 25 or Sc for Eq. 26), but, for each vari-
able, different values of constants a and d are obtained
between methanol and ethanol drops. Based on Table 3, k as
functions of Sc gives the simplest forms and are written as
following:

k ¼ 7:7558Sc�0:1425 ðMethanol dropsÞ (29)

k ¼ 18:7764Sc�0:2075 ðEthanol dropsÞ (30)

Table 3. Calculated Values of a, b, d, and R2 for Eqs. 24–27

Equation Correlation of k Alcohol a b d R2

Eq. 24 k ¼ að1þ BMÞbScd Methanol 0.5829 8.7230 0.0131 0.965
Ethanol 8.0647 0.8454 �0.1530 0.961
Both 8.5737 0.5467 �0.1536 0.942

Eq. 25 k ¼ að1þ BMÞb Methanol 0.7243 8.0032 – 0.965
Ethanol 0.7603 3.1410 – 0.944
Both 1.0833 1.2907 – 0.321

Eq. 26 k ¼ aScd Methanol 7.7558 – �0.1425 0.941
Ethanol 18.7764 – �0.2075 0.959
Both 11.3012 – �0.1702 0.893

Eq. 27 k ¼ ð1þ BMÞað1þBMÞbScd
Methanol 14.7598 11.6724 �0.1875 0.851
Ethanol 7.08�109 �13.7610 �1.5626 0.928
Both 2.07�105 �7.0051 �0.8389 0.829

Figure 14. Experimental drag coefficients as functions of Reynolds numbers of methanol drops rising in sunflower
oil compared with Eq. 31 (Eqs. 31 and 32 are overlap in logarithmic scale).
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Substituting Eqs. 28–30 into Eq. 14, the semiempirical
correlations for Cd of methanol and ethanol drops in sun-
flower oil are obtained:

Cd ¼ Cd;0

8:5737ð1þ BMÞ0:5467Sc�0:1536
ðboth alcohol dropsÞ

(31)

Cd ¼ Cd;0

7:7558Sc�0:1425
ðmethanol dropsÞ (32)

Cd ¼ Cd;0

18:7764Sc�0:2075
ðethanol dropsÞ (33)

where Cd,0 for methanol and ethanol drops are Eqs. 11 and 10,
respectively. The relationship of k between the two alcohols is
also obtained from Eqs. 29 and 30:

kmet

keth
¼ 0:4131

Sc0:2075eth

Sc0:1425met

(34)

where the subscripts ‘‘met’’ and ‘‘eth’’ refer to methanol and
ethanol, respectively.

Figures 14 and 15 compare Cd predicted by Eq. 31 with Cd

from experiments for methanol and ethanol drops, respectively.
Good agreement is observed. Eq. 32 and Eq. 33 are not shown in

these figures due to plotting Eqs. 31 and 32 or Eqs. 31 and 33 in
the same graph makes the curves overlap in logarithmic scale.

Equation 14 also yields a correlation of UT for methanol
drops:

0:4
3jþ 2

jþ 1

� �2
U2

T þ
8lo
qode

3jþ 2

jþ 1

� �
UT � 4

3

gdeðqo � qiÞk
qo

¼ 0

(35)

and for ethanol drops:

8

3
U2

T þ
8lo
qode

3jþ 2

jþ 1

� �
UT � 4

3

gdeðqo � qiÞk
qo

¼ 0 (36)

where k could be obtained from Eq. 28 for both methanol and
ethanol drops if BM and Sc of each alcohol are known, or from
Eq. 29or 30 formethanol and ethanol drops, respectively, ifSc of
each alcohol is known. Figure 16 comparesUT fromexperiments
with UT predicted from Eqs. 35 and 36. The experimental data
show good agreement with these correlations.

Conclusions

Experimental results showing shapes, terminal rise veloc-
ities, and drag coefficients of single air bubbles, methanol
drops, and ethanol drops rising in sunflower oil at various
temperatures have been obtained. The fitting correlations for

Figure 15. Experimental drag coefficients as functions of Reynolds numbers of ethanol drops rising in sunflower
oil compared with Eq. 31 (Eqs. 31 and 33 are overlap in logarithmic scale).
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terminal velocity and drag coefficient have been found from
literature. The Hadamard–Rybczynski correlations agree well
with the terminal velocities and the drag coefficients of the
small bubbles at all temperatures and of the small alcohol
drops at 25 and 30�C. The Rodrige correlation fits well with
the terminal velocities of the bubbles of various bubble sizes
and system temperatures. For all sizes of alcohol drops at
room temperature, the drag coefficient correlations of Oliver
and Chung (1987) and Darton and Harrison (1974) show
good predictions for methanol drops and ethanol drops,
respectively. However, because of the dissolution of alcohols
from alcohol drops in sunflower oil significantly influencing
the drop motions at higher temperatures, the semiempirical
correction equations for drag coefficient of the drops are
made and can be used for all temperatures (25–50�C). Con-
sequently, the correlations for terminal velocity of the drops
are obtained. The correction equations for drag coefficient
and terminal velocity agree well with experimental results.

Acknowledgments

Funding for this study by the Government of the Kingdom of Thai-
land, under the Thai-UK Collaborative Research Network scheme, is
gratefully acknowledged.

Literature Cited
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